Standard ways of measuring real income are known to be inconsistent with consumer preferences. We provide preference-consistent estimates of real income, based on the income-specific price indices that are consistent with nonhomothetic preferences. We find that existing measures, such as Geary, GEKS and GAIA, create systematic biases: the poorer is a country, the more its income is overestimated by these measures. Consequently, international income inequality is underestimated by the same measures. (JEL: D01, D30 E01, F01)
Introduction
There are large differences between rich and poor people in the world, and there are untold millions of people living in poverty. However, different measures of real income * NHH Norwegian School of Economics, emails: ingvild.almas@nhh.no, erik.sorensen@nhh.no. We would like to thank Erwin Diewert, Rob Feenstra, Gernot Doppelhofer, Branko Milanovic, Peter Neary, John Hassler, Alan Heston, Per Krusell, Prasada Rao, Morten Ravn, Marshall Reinsdorf, Kjetil Storesletten, Bertil Tungodden and Fabrizio Zilibotti for valuable comments and suggestions. This paper is part of the research activities at the ESOP centre at the Department of Economics, University of Oslo. ESOP is supported by The Research Council of Norway. 1 would give different answers to the question of how large the global income inequality is. Ideally, we would like to study the world distribution of individual real incomes disregarding national borders. But income is reported in nominal values and cannot be compared without adjusting for price differences, and while many attempts have been made at making incomes comparable across countries, none of them is completely satisfactory. All proposals have used a country-specific price index for adjustment, but because consumers at different income levels choose different consumption baskets, such per country indices cannot fully respect individual preferences.
The so-called purchasing power parity methods were introduced to measure real incomes. The most commonly used set of purchasing power parity-adjusted incomes is the Penn World Table (PWT). The method underlying the PWT is the Geary method.
For individuals with Leontief preferences, not willing to substitute away from goods as they become more expensive, the Geary method provides measures that are consistent with cost-of-living-based real income. The World Bank, the Eurostat and the OECD, on the other hand, use GEKS (Gini-EKS 1 ) belonging to the flexible superlative indices that allow for substitution. However, these allow for nonhomothetic preferences only as approximations and for unknown intermediate utility levels (Diewert 1999) .
That preferences are neither Leontief nor homothetic has been known from micro data for a long time (Engel 1895; Slutsky 1915) . For some countries, especially some low-and medium-income countries, the Laspeyres and Paasche indices are quite far apart, indicating that there might be large substitution biases (see e.g., Deaton and Heston 2010) . Neary (2004) suggested the Geary-Allen International Accounts (GAIA) to overcome this. Neary estimates a flexible demand system: the quadratic almost ideal demand system (Banks, Blundell, and Lewbel 1997) calculates reference "world" prices using a modification of the Geary method and then compares per capita income levels using money metric utility at these reference prices. 2 However, because Neary's approach still calculates a single price index for each country, it does not take into account within-country income inequality; hence, it fails to respect how budget shares vary with income, even within countries.
We refer to the measure we develop in this paper as the Geary-Allen World Accounts (GAWA). GAWA extends GAIA to allow for nonhomothetic preferences by taking into account the within-country distributions of income, both in the estimation of the demand system and by constructing income-specific price deflators. The GAWA system allows us to construct new real income averages for each country and compare these to existing indices.
We report three main findings. First, the main results presented in Neary (2004) hold up with our replication that includes population weights; that is, GEKS and Geary overestimate incomes of poorer countries. Second, we show that there is a systematic difference between GAIA and GAWA: When allowing for within-country heterogeneity in income and subsequently cost of living, the dispersion in national incomes increases; that is, according to GAWA, the poorer a country is, the more GAIA also overestimates its income. Third, Geary, EKS and GAIA underestimate the inequality across people (i.e., world inequality) and the inequality across countries (i.e., international inequality).
2 See also Feenstra, Ma, and Rao (2009) and Aten and Reinsdorf (2010) for further discussion and application of GAIA. This approach is not without precedence. Kravis, Heston, and Summers (1982, Table 9 .8) calculated such indices based on the cost of obtaining the utility level associated with the consumption of the United States, using a more restrictive linear expenditure system.
2 The different price indices
This section gives an overview of existing price indices as well as our proposed GAWA system. First, we go through the formulas for the most frequently used standard indices, GEKS and Geary, and then we return to the welfare-consistent approaches, GAIA and GAWA.
Throughout the paper, there are n commodities indexed i = 1, . . . , n, and m countries indexed j = 1, . . . , m. For each country, there is a price vector p p p j = (p i j ) i and corresponding per capita quantity vectorsj = (q i j ) i . Q Q Q j = (Q i j ) i gives the total quantity amounts in a country. Per capita consumption is z j = p p p jj .
The standard indices
The two most frequently used indices for cross-country comparisons are the GEKS index used by the Eurostat, the OECD and the recent World Bank cross-country comparisons, and the Geary index, used for the Penn World Table. The GEKS index can be thought of as the multilateral 'star' version of the Fisher, which is itself based on the Laspeyres and Paasche indices. The Laspeyres and Paasche bilateral indices are direct comparisons of expenditure using either the base country k's prices (Laspeyres) or the comparison country j's prices (Paasche):
Because these indices give different answers depending on the choice of the base country, one often uses the Fisher index, a geometric mean of the Laspeyres and Paasche indices that provides a bilaterally consistent index:
4 With more than two countries, however, we have no guarantee that income comparisons are transitive, in the sense that I 13 = I 12 · I 23 . GEKS is constructed to provide this transitivity property because it takes the geometric mean of the Fisher indices over all possible comparisons:
The Geary index, also known as the Geary-Khamis index, is based on the idea of evaluating quantities, not by actual prices, but by a vector of average prices, π π π:
The average prices are determined by a consistency requirement on how world expenditure is calculated: a direct and an indirect valuation of world expenditure on each good. The direct valuation evaluates world expenditure on commodity i by using the average world prices π i : ∑ j π i Q i j . The indirect valuation converts nominal expenditure in each country at an "exchange rate", which is a Laspeyres price index between each country and the average world price vector: π π π ·j /p p p j ·j . The consistency requirement provides n equations of the form:
These n linear equations in π π π determine the n world prices (up to a normalization).
Geary-Allen International and World Accounts
To evaluate the welfare consistency of the standard indices, we resort to the standard assumptions of optimizing behavior based on stable preferences. Studying price indices, we most often add the assumption that consumers in all countries share the same preferences, which can be expressed either by a direct utility function u() or its indirect equivalent v(p p p, z) = max{u()|p p p ·≤ z}. 3 Given that we knew these functions, we could ask whether a particular index would rank countries the same way as consumers would.
A first-best way out seems to be that we use actual preferences and rank countries by these. Because we would like cardinal measures of income to evaluate inequality, it seems natural that, if we had a reference price vector π π π, we could evaluate utility of a consumer with income z j facing prices p p p j , as the money metric utility,
, where e is the expenditure function. The corresponding bilateral income indices can be defined as:
This is the approach taken by Neary (2004) , and such ratios of money metric utilities are known as Allen Quantity indices.
However, if preferences are not homothetic, the consumption basket depends on income. Consequently, the overall cost of living will depend not only on prices, but also on income. Moreover, with nonhomothetic preferences, individual demand and aggregate per capita demand do not coincide; expenditure shares in the national accounts will, except in special cases, depend on within-country distribution of income.
If the income distribution within a country is represented by a list of people with different incomes z jl and individuals within country j are indexed by l = 1, . . . , L j , indices of the form (6) can no longer be applied since there is no unique money metric utility for an average individual. Each individual's money metric utility is now given by e(π π π, v(p p p j , z jl )).
A natural extension of the GAIA system, which fully allows for nonhomothetic preferences, is to take for each country the average of the individual money metric utilities:
We call this system of income indices Geary-Allen World Accounts (GAWA), with 'World' replacing 'International' to signify that each individual counts in terms of his/her income and prices, not as a citizen of a country with a particular mean income.
To make this idea operational, the utility function must be quantified. Before we turn to the estimation procedure, there are three issues of implementation that have to be discussed. First, we need to choose a formula to identify world reference prices, π GAWA . Second, we need to choose whether to weight by population size, as the traditional Geary method does, or whether we want to follow Neary's original GAIA formula, in which all countries have equal weight. Third, we need to find a way to consistently aggregate the demand system. In the following subsections, we discuss these issues, in turn.
Identifying the reference prices
Peter Neary proposes a consistency requirement on the international accounts that determines the reference prices in much the same way as the Geary approach, but it is different in two ways. First, corresponding to the left-hand side of (5), world expenditure is calculated in Hicksian compensated quantities, ∑ j π i h i (π π π, u j ), the quantities that would have prevailed as the cost-minimizing way for consumers to reach their indifference curve at the reference prices. Second, corresponding to the right-hand side of (5), the Laspeyres price index is replaced by the true cost-of-living index, e(π π π, u j )/z j .
Consequently, the equations that determine the reference world prices π π π GAIA (Neary) are now:
We refer to this as GAIA (Neary) because this is identical to what Neary implemented.
We also calculate a population-weighted version of this, which we refer to as GAIA (this is discussed in Section 2.2.2). This nonlinear system of n equations determines world prices in the GAIA system just as the (linear) system (5) determines prices and incomes for the Geary system.
To take account of within-country distributions of income, we extend (8) to this case by treating each individual as a country of his or her own, and define reference prices for this case as solutions to the equations:
Calculating the reference prices and income indices in this disaggregated setting seems to imply that we have data not only on per capita prices and quantities, but also on individual-level expenditure data. But if we retain the assumption that we know preferences and hence, the demand functions, it is possible to impute data on quantities at all income levels using only distributional data on incomes.
Population weighting
In our presentation of the Geary method, we emphasized that the quantities Q i j are total and not per capita quantities for country j. The GAIA approach, as formulated
by Neary (2004) , relies on the metaphor of the country being an individual, and hence a per capita interpretation of the virtual quantities. Indeed, Neary (2004) implements both GAIA and Geary as per capita indices with no population weighting in the determination of world prices.
Much of the applied macro literature using cross-sections of countries weigh countries equally regardless of country size. A standard defense of this is that countries are equally important as realizations of the underlying data-generating process. However, this defense does not apply to calculating world prices. Neary (2004 Neary ( , p. 1414 ) emphasizes that income measures should be matrix consistent, in the sense that real income can consistently be disaggregated by good and country. In the literature, however, such consistency is often understood in a more radical sense, namely as a property that real incomes in third countries should not change if a large country is split into two smaller ones (see e.g., Diewert 1999, p. 47) . Using (5), the two smaller countries would share the weight previously given to the large country and world prices would not be affected. Neary's per capita approach without weighting means that the prices in the original country now have double the weight in the determination of world prices and hence, incomes in third countries would be affected.
We propose a population-weighted version of the system, which we refer to as GAIA. 4 If N j is the size of the population in country j, then GAIA gives world prices from the following population-weighted modification of (8):
The corresponding bilateral income index follows on the same form as (6).
Consistent aggregation
To estimate preferences, we estimate a world demand system expressing budget shares as functions of income and relative prices. If there is within-country income inequality, estimation of such a demand system using only national accounts budget shares will not identify the parameters. With within-country income inequality, there is in fact no guarantee that national accounts data will satisfy the weak axiom of revealed preference. It is, however, always possible to integrate individual demand over the income distribution to find total demand, which, divided on total expenditure, corresponds to budget shares as recorded in national accounts data. If the income distribution is denoted by the distribution function F while the budget share of good i at an income level z is ω i (p p p, z), the aggregate budget shareω i can be calculated as:
With particular assumptions about preferences, (11) might simplify to functional forms that resemble the individual demand functions, and classes of such demand systems have been characterized (Muellbauer 1975 (Muellbauer , 1976 . In the general case, aggregate quantities and budget shares need not correspond to those of any single real or hypothetical consumer.
Data and estimation
In the following, we outline the source of our data and how we estimate the demand system.
Data
We are prices multiplied by quantities, E i j = P i j Q i j . Dividing the nominal expenditures by the purchasing power parities we get Q i j π i , quantities measured in units of expenditure at world prices. These price levels and quantities can again be divided by the purchasing power parity of the base country, which gives us price levels and quantities. We can write the prices and quantities as:
where the choice of the base country b is arbitrary (it is customary to use the United States as the base country).
We follow International Comparison Program (2008a) and use a 12-good classification. 5 The ICP 2005 benchmark data cover 146 countries. To incorporate withincountry distributions of income, we use the data provided by Milanovic (2005) . His dataset consists of average income in each of the 20 equally sized income groups. We treat each of these five percentiles as if they were internally homogeneous with respect to income. Not all countries are covered by both the ICP and Milanovic's distributional numbers, and we end up using 103 countries with a total population of 5 698 million. In the following, when we refer to the "global" distribution, we refer to these 103 countries.
Implementation issues
To implement GAIA and GAWA, we need parameterization of preferences. Neary (2004) presents estimates with several different demand systems, but his preferred estimates rely on the QUAIDS system (Banks et al. 1997 ). This system allows for flexible (quadratic) Engel curves in addition to flexible substitution patterns. For an individual, the budget share for any good i can be written as:
where y j = z j /α(p p p j ), and α(p p p j ) and β (p p p j ) are price indices. In total, there are (n + 6)(n − 1)/2 free parameters. For a large number of goods (Neary uses 11 goods), there are quite a few parameters to estimate (85 in Neary's case). Neary applies equation (14) to estimate the preferences needed to implement the GAIA indices (6) and (8).
With the QUAIDS system, it implies that the national accounts budget shares (such as those in the ICP data) can be expressed as:
where an overbar represents an average over the population. Since the logarithm is a concave function, y j log y j and y j (log y j ) 2 depend on the distribution and not only on the average level of income in a country. Hence, with distributional information on income, parameters can be recovered from national accounts budget shares.
We estimate the system in (15) and calculate both the GAIA and GAWA incomes based on these. We refer to these as GAIA and GAWA(QUAIDS). Based on this,
we compare the GAIA and the GAWA incomes. To guarantee regularity, we also provide estimates for an alternative system, namely the globally regular rank three system proposed by McLaren and Wong (2009) . We refer to this as GAWA(McL-W);
see Appendix A for a discussion of this system.
For estimation, we assume normally distributed measurement errors, we exclude one budget share from estimation and estimate a SUR system with the covariance matrix of the measurement errors concentrated out (Davidson and MacKinnon 1993, p. 637 ) . Like Neary (2004), we follow Blundell and Robin (1999) in estimating parameters in an iterative manner using the Moschini (1998) parameterization of the Cholesky decomposition of the (mean) Slutsky matrix. Doing so, we find that increasing the approximation of the Slutsky matrix above rank k = 8 does not improve the likelihood much, and we keep the k = 8 approximation.
Results
The different real income indices discussed in this paper provide us with different sets of cross-country comparable real incomes. For completeness, all these sets are displayed in a table in Appendix B. In this section, we discuss the broad and systematic differences across the indices that constitute the main findings of the paper. We see that the richer the country (measured by GEKS), the larger is the GAIA measured income relative to that of GEKS. This indicates that the GAIA estimates a larger dispersion in national incomes than does GEKS. The middle panel displays the relationship between GAIA income, relative to that of Geary versus the GEKS income.
Just as for the GEKS case, we see that the richer the country (measured by GEKS), the larger is the GAIA measured income, relative to that of Geary. Hence, the two upper panels constitute our first main finding: the main results presented in Neary (2004) hold up with our replication that includes population weights, namely that GEKS and Geary underestimate the dispersion in the distribution of national incomes.
The lower panel displays the relationship between the GAWA(QUAIDS) measured income, relative to that of GAIA versus the GEKS income. Here, we are also able to identify an upward sloping relationship, indicating that GAWA(QUAIDS) measures a larger dispersion in national incomes than does GAIA. This constitutes our second main finding: the GAWA(QUAIDS) system reveals that, because of the failure to fully incorporate nonhomothetic preferences, the GAIA system systematically underestimates the dispersion in the national income distribution; that is, the poorer a country is, the more GAIA overestimates its income.
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Evaluation of the different indices
One way to discuss how well the different indices perform in practice is to compare the calculated national incomes to those of the welfare-consistent GAWA system. One way to do such a comparison quantitatively is to look at the distance between the real income sets resulting from the different indices and the GAWA index. Table 1 shows one such distance analysis; it shows the pairwise differences between the different income measures, as measured by the Euclidean distance between vectors containing all the 103 country incomes. We see that the GEKS index comes substantially closer to the GAWA index than the Geary index does. Hence, if we use the GAWA incomes to evaluate the other income indices, we conclude that GEKS is doing better empirically than Geary. As such, our findings suggest that the recent change from using Geary to GEKS, as undertaken by the World Bank, seems to be a good idea. 6 Moreover, we see that the distance between GAIA and GAWA is of the same magnitude as the difference between GAIA and GEKS and Geary, respectively, at least when considering the globally regular McLaren-Wong demand system. The distances are in general comparable to those that are found in other studies on price indices in the literature Deaton and Dupriez (see, e.g., 2011 ).
[ Table 1 about here]
Inequality in the world
The main finding that GEKS, Geary and GAIA underestimate the dispersion in the distribution should indicate that they also underestimate international and global inequality. Table 2 shows the resulting inequality from the different real income index systems. Three different concepts of inequality are displayed. First, the international inequality gives focus to inequality across countries; it simply compares the mean income across countries. Second, the weighted international inequality also gives focus to the inequality in mean income across countries, but it weights each country mean by its population. Third, global inequality calculates the inequality across all world citizens; that is, it compares the income of each world citizen by taking into account within-country income distributions of income (see, e.g., Milanovic (2005) for a discussion of these inequality concepts). All the inequality concepts are measured by the Gini index.
We can see that the GAWA indices indicate larger inequality than all the other indices for all the three concepts. Hence, the results confirm that, according to GAWA, both international and global inequality are underestimated by the traditional GEKS and Geary indices as well as the GAIA index. This constitutes our third main finding.
Further, we see that the increase in the Gini index from GAIA to GAWA is comparable to the increase from GEKS to GAIA.
[ Table 2 Neary 2004; Nuxoll 1994) , none of these studies has constructed the income-specific price indices that are consistent with nonhomothetic preferences. In this paper, we suggest the GAWA system, which fully takes into account that preferences are not homothetic. This system reveals that both the traditional measures, such as Geary and GEKS, and the GAIA system underestimate international and global income inequality.
In this analysis, focus has been given to the consumption part of GDP. We suggest a welfare-consistent cost-of-living index and estimate a demand system by using the ICP data on consumption prices and quantities. Although the GEKS index is not guaranteed to provide welfare-consistent measures, our findings suggest that the index does quite well empirically: The GEKS national incomes come quite close to the welfare-consistent GAWA national incomes, and at least, they outperform the Geary national incomes. When measuring the total GDP by introducing investments and government consumption, in addition to private consumption, other issues of concern, such as adding-up properties, are also important. However, consumption is a considerable fraction of GDP and hence, our analysis provides some support to the recent shift to using the GEKS index for international comparisons. Note: The table displays the Gini index for three different concepts of inequality. International inequality refers to the Gini over the mean incomes of all countries. The weighted international inequality refers to the Gini over the mean incomes of all countries, weighted by population size. Global inequality refers to the Gini over the incomes of all individuals. The latter is calculated by using the income distributions provided by Branko Milanovic (Milanovic 2005) . 
Appendix A Effectively globally regular demand
The QUAIDS and similar systems such as its parent, the Almost Ideal Demand System (Deaton and Muellbauer 1980) and the Translog system (Jorgenson, Lau, and Stoker 1980) , are developed to be flexible approximations around a point. It is easy to impose on estimates of the QUAIDS system that the demand system should be regular (in the sense of being consistent with utility maximization), but although such regularity can be imposed at a point, and is in fact imposed at the mean of all data, it does not follow that regularity covers the full estimating sample (Caves and Christensen 1980) , and the importance of testing for regularity has been emphasized by Salvanes and Tjøtta (1998) . Replicating the QUAIDS estimates of Neary (2004) for our sample, only for Hungary and Croatia do the estimated Slutsky substitution matrices (at the aggregate budget shares) have only nonpositive eigenvalues; hence, they are not negative semidefinite and, not compatible with utility maximization. 7 An estimated demand system that is irregular at some of the data points need not be a critical failure so long as one primarily is concerned with prediction. But in the GAIA and the GAWA systems, the analytical expression for the expenditure function is used to evaluate welfare. It is not clear that the expressions for the expenditure function have any sensible interpretation at points that cannot be a solution to a utility maximization procedure. Cooper and McLaren (1996) and McLaren and Wong (2009) show how to construct demand systems that are effectively globally regular, meaning that they are globally regular so long as the minimum expenditure level is above a critical value. In particular, McLaren and Wong (2009) present a rank 3 effectively globally regular system, which means that it allows some flexibility with respect to the shape of the Engel curves. We define:
The indirect utility function of their system can then be written as:
So long as P 1 , P 2 and P 3 are regular price indices, and with some conditions on θ , τ, µ and η, this system is regular for all z > τP 2 (p p p). Of course, without a way to impose regularity on the individual price indices, this is not directly helpful. But by choosing globally regular price indices, one can guarantee globally regular demand. We provide an extension of the GAWA system where we follow the suggestion of McLaren and Wong (2009, Section 4,) and choose P 1 to be a Cobb-Douglas price index and P 2 and P 3 to be CES price indices. This system has 3(1 + n) free parameters. Consequently, for 12 goods, there are 39 free parameters compared with the 99 of the QUAIDS system. The budget shares, as a function of the parameters, follow from Roy's identity.
Unfortunately, there is no analytical expression for the expenditure function, but it can easily be evaluated by numerical methods. We refer to this extended GAWA system as
GAWA(McL-W).
Appendix B Real incomes from all the different mea- 196.69 194.96 192.40 195.13 195.17 195.38 199.05 United Kingdom 199.41 197.78 195.06 197.34 197.39 197.18 203 Table 3 : Incomes (per capita) calculated using different methods, with Hungary as base. The abbreviation "GEKS" refers to the Gini-EKS index, "Geary(Neary)" cor-32 responds to Neary's way of calculating Geary prices without population weighting, whereas "Geary" introduces the standard population weights. "GAIA(Neary)" repli-
cates Neary (2004) without population weighting in world price calculations, "GAIA" adds population weighting. "GAWA(QUAIDS)" incorporates within-country distributions of income, uses consistent aggregation and is based on the QUAIDS demand system. "GAWA(McL-W)" is constructed as "GAWA(QUAIDS)" except that it is based on the McLaren-Wong demand system. The countries are sorted by values of the GEKS index.
